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ABSTRACT: We study fractional D-branes in the Type-IIA theory on a non-compact orien-
tifold of the orbifold C3/Z3 in the boundary state formalism. We find that the fractional
DO-branes of the orbifold theory become unstable due to the presence of a tachyon, while
there is a stable D-instanton whose tachyon gets projected out. We propose that the
D-instanton is obtained after tachyon condensation. We evidence this by calculating the
Whitehead group of the Abelian category of objects corresponding to the boundary states
as being isomorphic to Zs.
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1. Introduction and summary

D-branes have become a sine qua non for the studies of non-perturbative string theory.
The description of D-branes in terms of open strings makes it possible to treat them within
the scope of a boundary conformal field theory (BCFT). Since the BCFT does not rely
upon spacetime supersymmetry, this formulation is well-suited for treating BPS as well as
non-BPS states on the same footing. D-branes have been studied on a variety of singular
and non-singular target spaces using BCFT [[I-R4]. D-branes in the Type-II theories
on non-compact orbifolds constitute an interesting class of such theories [27-R9, fl-F-
The stable states in the spectrum of such theories have been identified with D-branes
wrapped on various supersymmetric cycles of the target space. One of the purposes of
the present article is to go beyond orbifold backgrounds to the more interesting orientifold
backgrounds [Bd, B, i - f1]] and examine the spectrum of stable D-branes.

While open strings arise as fluctuations of D-branes, the latter can be thought of as a
geometric description of the gauge degrees of freedom ensuing from the terminal points of
the former. Hence the interpretation of the states in the spectrum of open strings in terms
of D-branes becomes transparent when viewed in the closed string channel. This is brought
out through boundary states, which incorporate the boundary conditions of open strings in
the closed string language. A formulation of BCFT is in terms of such boundary state. We
consider D-branes in the Type-IIA string theory on an orientifold of the three-dimensional
orbifold €3/Zs3 using the boundary state formulation b2, b4, F4]. The orientifold reduces
spacetime supersymmetry further compared to the parent orbifolds [B, B, [I, 65, B3 B7, (35—
[, rendering the standard machinery of the (2,2) theories unavailable. Nevertheless, D-
branes on certain non-compact three-dimensional orientifolds have been studied earlier,
most which, however, dealt with the Type-IIB string theory [B1, 0. In the present article
we consider the Type-ITA theory on the orientifold, which is a cousin of a certain asymmetric
orbifold with magnetic fluxes on D-branes, of the Type-IIB theory via T-duality [BY], which
makes it rather different from the earlier analyses as we shall observe!.

Prior to orientifolding the stable D-brane configurations are the fractional D0O-branes [,
P]. In the present example the DO-branes are inflicted with tachyonic instabilities after
orientifolding. However, we find stable D-instanton configurations in the model which are
otherwise absent in the parent orbifold theory. The unavailability of the (2,2) machinery
poses a major hurdle in arriving at a geometric interpretation of these states. Nevertheless,
due to the invariance of the boundary states of the DO-brane under the orientifolding

operation we can first consider the geometric objects in the parent orbifold theory. Then,

IFor example, the Type IIA orientifold model we discuss, is not T-dual to the Type-IIB oreintifold on
C?/Zs of B).



by lifting the orientifold action on these objects as an automorphism squaring up to the
identity leads to the geometric entities present in the orientifold theory. We take this
approach in this article.

In the parent orbifold theory the D-brane configurations are identified with objects in
the derived category of an Abelian category, where the latter can be identified with the
category of coherent sheaves on the blown-up orbifold in the large volume limit and with
the category of irreducible representation of an associate quiver in the so-called orbifold
regime [2¢]. D-brane configurations in the Type-ITA and Type-IIB theories can be identified
as the elements of the K' and K groups of the Abelian category and its equivariant
descendants on spacetime orbifolds. On orientifolds the stable D-branes are classified by
higher K-theoretic charges. In the present case, the D-brane configurations correspond
to the elements of the Whitehead group, K, of the Abelian category associated with the
orientifold space. Assuming that the orientifold operation induces an automorphism on the
objects of the Abelian category that squares up to the identity, that is, the boundary states,
we calculate the Whitehead group of the Abelian category. We find that the Whitehead
group is isomorphic to Zs, which we identify as the charge of the D-instanton.

The paper is organized as follows. In the following section we describe the orientifold
on which we compactify the Type-IIA theory. Then in the two subsequent sections we
construct the crosscap state and the D-brane boundary state respectively in the BCFT
formulation. Next we calculate various one-loop amplitudes. We show that the DO-branes
are plagued with the tachyonic instability and that the D-instanton gives rise to a stable
configuration, instead. The following section deals with the K-theoretic analysis. Finally
we conclude with discussion of the results. Some of the useful formulas in our notation and
conventions have been relegated to the appendix.

2. The orientifold

Let us begin our discussion by describing the theory under consideration. In this section
we first discuss the orientifold action and then the spectrum of the massless closed string
states. This analysis provides the space-time fields present in the theory.

2.1 Orientifold action

We consider Type-ITA theory in the light-cone gauge on the orientifold B3] C3/G with
G =(Q-R- (1)) ® G, where G is a discrete group with both geometric and non-
geometric parts. The first piece of G in parentheses refers to the diagonal group isomorphic
to Zs obtained by combining three Zoy groups. Of these, €0, isomorphic to Zs, acts on
the world-sheet fields by reversal of parity, €2 : ¢ — 7m — o, where o denotes the spatial
coordinate of the world-sheet. The anti-holomorphic involution R, also isomorphic to Zs,
acts by complex conjugation R : Z¢ — Z*, on the complex bosonic fields of the world-sheet
theory, whose zero-modes are identified with the complex coordinates of the C3. This is
tantamount to a reflection of three of the corresponding real coordinates. These are further
accompanied with (—1)fZ, which changes the sign of the left-moving space-time fermions



in order for making G into a symmetry group of the Type-IIA theory. Finally, G contains
a cyclic group G isomorphic to Zy and generated by g acting as,

g: 7t e%ik”iZi, (2.1)

on the complex coordinates of €2 and similarly on their fermionic counterparts W*, i =
1,2,3. While much of the discussion in the sequel remain unaltered for any odd integer
N, we shall restrict ourselves to the specific case of N = 3 for simplicity. Thus, we have
k =0,1,2 and ¥ = (1/3,1/3,—2/3). The compact cousin of this model was discussed
in [BJ]. The combined action of 2 and (—1)f% on the worldsheet fermions is given by,

Q-R:V (o) — 5(% —0), (2.2)

where a tilde designates a right-moving field. Let us also note that by abuse of notation
we denote the groups Q, R and (—1)f~ as well as their respective generators by the same
symbols.

We have described the action of G on the fields of the theory, which can be used to
describe the action on the corresponding oscillators in their mode expansions, as described
in appendix. Let us now discuss its lift to the states of the theory. The unique ground
state |0)yg in the NS-sector remains unaffected. Let us write the left- and the right-moving
Rammond ground states, hereafter referred to as the R-ground states, as |s); = |s0,5); =
|s0,51,52,53); and [S)p = ‘§0,§> = |50, 51, 52, 53)  respectively, where s4, 54 = :I:% for
a=0,1,2,3. In our convention, the left-moving R-ground states, transforming as 8 under
the Poincaré group SO(8) of the space-time transverse to the light-cone are chosen to be the
ones with a even number of —1/2’s while the right-moving R-ground states, transforming
as 8¢ under the SO(8), are taken to be the ones in which an odd number of —1/2’s occur.
The action of G on the various R-ground states is given by,

gk : ‘807§>L 627rzkv~s ’507§>L7 ‘%,§> 627rzkv~s §O7'§> :
R R
F . - - ~ =2 ~ =2\
(=)t 1 ]s0,8), — —]50,5), 80,8>Rr—> 50,5>R, (2.3)
Q-R:[s0,5) — |s0,—5)R, ‘évo,g> — emisotsitszts) | oo —§> =— ‘§07 —§> ;
R L L
3
as the sum Z Sq is odd for states belonging to 8., resulting into
a=0

g(k) = Q-R-(—l)FL-gk :]s0,5) . ®

év(), ,§> _627rikv~(s+§)
R

§E]’ _§>L®|SO, _§>R’ (24)

after taking into account the minus sign that arises in exchanging fermions. In the above
formulas an s in the right-moving state or an s in the left-moving one is interpreted as
their respective numerical values?.

*We can also label the massless states in NS-sectors by their SO(8) weights. Thus, if s, = 8, =
(£1,0,0,0), where denotes all possible permutations, such states belong to 8, of SO(8). Since Y, sa =
N —

> . Sa = odd holds for a state belonging to 8y, the last equation of (R.J) holds. Thus the action of the
orientifold group on massless NS-NS massless states is given by eqn (R.4) but without the — sign, since

(—=1)¥L has no action this time.



Finally, the left moving and right moving world sheet fermion number operators are
defined as

milsotsiteatss) | go 51 80,83)
—6ﬂ2(80+81+82+83) |‘§705‘;15‘;27‘;3>>R’

(_1)F’80781782783> = —e€
g (2.5)

(_1)F |‘§E],‘;1,‘;25‘§55>R =
So, we can choose the GSO-projection operators as in the untwisted sector as,
F F
(#) &) (#), in the NS-NS sector
PU - F Fal (26)
(#) @ (#), in the R-R sector.
In the above expression and in what follows a subscript U is taken to designate a quantity
in the untwisted sector, while one in the twisted sector will be designated by T

2.2 Closed string spectrum

Let us now describe the spectrum of massless closed string states in four dimensions that
survive the orientifolding described above.

Untwisted sector

The untwisted sector corresponds to k = 0 in equation (R.3). In NS-NS sector, first, we
have the four dimensional graviton, g,, and dilaton, ¢, whereas the four dimensional part
of the B-field is projected out. However, few components of the metric and B-field along
the “internal” €3 directions survive. In terms of the oscillators, these states are given by
six G-invariant combinations of states, namely,

(‘I’i_%‘fl’?_ +\Ilj,%:17i—%)’0>NSNS7 2] (2.7)

1
3
where 4,7 = 1,2,3 and |0)ygng denotes the ground state in the NS-NS sector, giving rise
to three chiral multiplets in four dimensions®.

Let us now consider the untwisted states in the R-R sector. From equation (2.4) we see
that under - R the state |sg, §) goes to ‘50, —§> in the left-moving sector and similarly
for the right-moving ones. Thus, the states with §+ 5=0 flip sign under G and hence go

away from the spectrum. However, certain linear combinations of those with § +3 £ 0, but
satisfying v.(s+35) = 0, 1 survive and can be rearranged in the following seven independent

states,
[+ +—=) @+ ++=)g— |+ ——+) @+ —++)g,
[+ +—=)®|++—F+)g— |+ —+=) O+ —++)g,
[+ —+=) @+ ++=)g— |+ ==+ @+ +—+)r,
=+ =)@ =+ =g == =) ® =~ 4=, (28)
= =)y ® = =~ = [ =+ =) B =~ +-)p,
== )@= = =g ==+ =) @ =+ =),
[+ ++H) @+t — - =) ® |+ ——)r-

$We could have written down these states in terms of the SO(8) weight notation, like we did for R-R
case.



First six of these constitute three chiral multiplets, while the last one joins the four-
dimensional dilaton to form one more. Thus, we have four chiral multiplets from the
R-R sector in total.

Twisted sector

The massless closed string states in the twisted sector corresponding to k£ = 1,2 in equa-
tion (R.J) are obtained similarly. The GSO-projector in the twisted sector, Pr is identical
to the GSO-projector in untwisted sector, Pr = Py. Among the GSO-invariant states
a single one from each of the twisted NS-NS and R-R sectors survive the orientifolding.
These are

111 111 1 1 1 1 1 1
07_7_7_ b2y 07_7_7_ + 07__7__7__ ® O—5—5—3 9 (29)
3°3'3/,°|7333/, 33 3/, 3 3 3/,

respectively, from the k = 1,2 twisted NS-NS sector and

11 1 1 ®1111 +1111 ®1111 (2.10)
2767 6 6/, 276 6 6/p 27666/, 2°6°6°6/, '

respectively, from the k = 1,2 twisted R-R sector. We thus get six chiral multiplets from
the untwisted NS-NS sector and three from the untwisted R-R sector, adding up to nine
chiral multiplets in total [BJ]. The remaining state from equation (R.§) pairs up with the
the four-dimensional dilaton to form an additional dilaton multiplet. Furthermore, the
NS-NS and R-R twisted sectors together contribute one chiral multiplet. As there is no
vector multiplet, all the DO-branes (including the fractional branes) are projected out by
the orientifolding. We shall confirm this from the analysis of the open string states in the
following sections.

3. The crosscap state

In order to study the D-branes in the presence of the orientifold plane O6 in the model at
hand we need to study the open descendants of our model. This involves constructing the
crosscap state, corresponding to the orientifold, and the boundary states corresponding to
the D-branes. These are the states of open strings in the closed channel, also known as the
direct or tree channel.

In this section we construct the crosscap state for the model at hand. The boundary
states will be discussed in the following section. A simplification in the construction of the
crosscap state in this model ensues from the fact that the amplitudes can be obtained from
crosscap states which does not have a twisted sector [BJ]. In order to illustrate this let us
consider the Klein bottle amplitude K. For a general G =2 Zy the Klein bottle amplitude
is given by

K = % [0 R (<17 (L gt o+ gV )Py ] (3.1)

in the NS-NS or R-R sectors. However, from the action of the group G given in the previous
section we find that the generators satisfy

04" = g" "o, (3.2)



where we introduced © = Q- R - (—1)fL for typographic ease. Now, since the Hamiltonian
is invariant under the action of the group G, the energy eigenstates of the system are also
eigenstates of the elements of G. Let us fix a mutually orthogonal set of bases of such
states, {|m)|m =0,..., N — 1}, satisfying

2mimk
gt lm)=e N |m), (3.3)
for k=0,..., N —1. Hence the trace in equation (B.I]) becomes a sum over the expectation

values in these states. With these states we derive

2mikm

(m|©g"Pg’e |m) = e~ & (m|OP¢" |m), (3.4)

and

2mikm

<m]gN*k@PqHC]m>:e* N (m]@PqHC\m>, (3.5)

which have to be equal, by (B.9), thereby implying

2rk
(m|©PgHe |m) sin < WNm> =0, (3.6)
for non-zero k and m. For k = 0 or m = 0 this equation collapses to an identity. Conse-
quently, the Klein bottle amplitude (B.1]) becomes

1

K== 3 (mleg"Pethm)

eQm‘km/N (m\@Pch ’m>7

where we used the expression (B.4). Now, in (B.6), the first factor being independent on k,
for each non-zero m we can find at least one value of k in the range 0 < k < N — 1, such
that the sine factor is non-vanishing. Hence, the amplitude (m|©7Pqc |m) vanishes for
all non-zero m. * Thus, finally, the Klein bottle amplitude becomes

N-1

Z (0]@Pg¢"|0)
k 0 (3.8)

— (0|0Pq""|0).

We have thus re-written the Klein bottle amplitude without the gF-twisted open string
states, with no ¢* left in the expression. This implies that in the tree channel the Klein
bottle amplitude can be obtained from the untwisted crosscap state alone [BZ, B3, BJ).
However, as we shall discuss in the following section, the D-brane boundary states in the
closed string picture do contain twisted pieces.

4We thank the referee for raising this point.



Let us now write down the equations satisfied by the crosscap state [F3-[p4]. These
are obtained by twisting the periodic boundary conditions of the closed string fields by the
orbifold as well as orientifold action as,

(XM(0) — g(k) XM (o +7))) | Ce;m) = 0,
(0-XM(0) + g(k)0- XM (0 + m)) | Ce;m) =0, (3.9)
WM (o) +in g(k)d™ (o +7,0)) | Ca;n) = 0,

valid at 7 = 0, where M = 0,...,9, g(k) is as defined in equation (R.4) and Cg designates
the O6-plane. Such a crosscap state was first discussed in B9, [0] 5 . The crosscap state is
labeled by the spin structure 1. The above equations are valid both in the NS-NS and the
R-R sector.

In order to obtain the crosscap state as a solution to the equations (B.9) it is convenient
to rewrite these equations in terms of the oscillators. In both the NS-NS and the R-R sectors
these equations lead to

(20 — ¥ %) [ Coi ) = 0,
(B + e ") | Coip,m) = 0,
(ay +e™a",) [ Coip) = 0,
(af 4+ e 2 RUG ) [ Copyn) =0, (af) + e~ e 2mkvigt )| Chip,n) = 0,

in terms of the bosonic coordinates, momenta and oscillators described in the appendix.

Similarly, the equations for the fermionic oscillators are,

L @k e ™R, [ Coipan) =0, (3.14)
(\I/i, + ine*lﬁrre%m’kvi{fﬂ'_r) ‘06;]9, 77> =0, (@r + ine*iﬂ“e*%rikw{fjiir) ’06;]9, 77> =0,
(3.15)

where p is used to designate the complex momenta p’ in the three internal directions of
the €® and their complex conjugates, p’, with i = 1,2,3 and n = +1. Equations (B.1()
— (B-I8) can be solved to yield a coherent state for the crosscap as,

1 - . i ~
|Cﬁ;p,77> = eXp < - Z —(—1)”(15”0(5” —m Z € mr¢ﬁr¢ﬁr

n=0,3 n #=0,3
ez >0
eiﬂl . . . . ikv: 5~
- ] (e72mikvigh G + e~V qi )
i=1,2,3
1€z
. 2:— —2mikvi [yt Oyt 2rikvi i i 5 0
—in e Zﬂ'T’(e T Uz\lﬂ_r\lﬂ_r +e m v"lﬂfrllﬂfr)> |C6ap?77>( )
i=1,2,3
! >0

(3.16)

®For covariant formulation of crosscaps in Type I strings, see [@, @] and for crosscaps in asymmetric
orientifold theory, see [E]



where | Cg, p, 77>(0) denotes the Fock space ground state which is unique in the NS-NS sector
and is independent of n. The ground state is, however, degenerate in the R-R sector and
depends on 7. Hence in considering the GSO projection and the orientifolding it will be
convenient to treat the NS-NS and R-R sectors separately.

NS-NS sector

Let us first discuss the projections on the crosscap state in the NS-NS sector to obtain the
invariant state.

3.0.1 GSO Projection

The NS-NS vacuum is chosen to be odd under the GSO projection. The form of the GSO
projectors written in (P.6) are deduced from
(—1)F = —(= 1)2@#[2 ARTCES DY LI R TR

)

B o o (3.17)
(-1)fF = —(—1)2@%[2“ W+ (UL, AT

)

in terms of the oscillators in the left- and right-moving sectors. Their action on the ground
state is given by

(-n* |P>NSNS = (-1 )F |p>NSNS |p>NSNS’ (3.18)

where we refrain from mentioning the spin structure explicitly, since the ground state does
not depend on it. The above equation implies

(—1)F |C63 1, 1) nsNs = (_1)F | Co; 2, M )nsns = — [ C63 P, =M )nsns - (3.19)
Thus the GSO-invariant state in the NS-NS sector is,

1 NYSNS g
|C6§p>NSNS:ﬁ NG 'E[|06§pa+>NSNS_|06§p,_>NSNS]a (3.20)

where NCNSNS is the normalization of the NS-NS part of the crosscap. We have separated
out a factor of % from the normalization factor to make sure that it correctly reproduces
the projector due to orientifold in the open string channel. The second factor, as usual,
is for generating the correct GSO projector in the open channel. The NS-NS part of the
spatially localized crosscap is obtained by integrating this invariant state over the internal
momenta subject to the constraints (B.11]). Thus, the position eigenstate corresponding to
crosscap in the untwisted NS-NS sector is

|C6 )nsns = /Hdp 5(p' + €™p') 6(2 — €2 Z5) | Cos p) s (3.21)

3.0.2 Orientifolding

Considering the orientifolding on the crosscap state constructed above, let us first note
that (—1)fT acts trivially on the NS-NS ground state | p>1(\?%NS, which is a spacetime scalar.



The momenta and the coordinates in the internal directions transform under orientifolding

as

7 e27mkv¢—z 727rzk:vipl’ Z(l] e27mkv¢ Zé? Z(Z) 6727rzkvi Z(Z) (322)

P = D, ]_)Z — e
Since the vertex operator for the NS-NS ground state carrying momenta only along the
internal directions ’ S

¢ Lmma P X _ 03 30 (B2 0 Z7) (3.23)

is invariant, the NS-NS ground state | p>1(\?%NS is invariant under the orientifolding. Further,

the oscillators transform as

imn~ ~ —imn imr,) i —imr
ab— e™ak ol — e ab, YFr——e KR — —e k,
Oé} — emlekaUi a;, Oé% N ez7rle—27rzkvi a;, a% — e—mlekaUi OZ;, a% — e—mle—27rzkvi Oé%,
i inr 2mikviyi imr  —2mikvi i —imr ,2mikvi i
rH—€ e o r€ e r p— —€ e o
Tri —imr  —2mikv; 1
Ul — —e e . (3.24)

under orientifolding. The exponential factor in equation (B.1€) is invariant under g(k).

Hence the state | Cg; p,n)ngns u it equation (B.16) is invariant under the orientifold group.
The measure as well as the delta-function in (B.21) is invariant under g(k). Hence the
crosscap state in NS-NS untwisted sector obtained in equation (B.21)) is invariant under G.

R-R sector

Let us now turn to the R-R sector. Unlike its NS-NS counterpart, the ground state in
the untwisted R-R sector is degenerate. Let us first discuss these degenerate states. It is
convenient to write the zero mode operators in the creation-annihilation basis of the so(8)
Clifford algebra.

1 . 1
I‘Ovi — 0 + 4 3 , PZ,:I:
= 5o £ i) -5

for the left-moving states and similarly for right-moving ones, mutatis mutandis. These

(P2 +apa ), i =1,2,3 (3.25)

satisfy the anti-commutation relations,
{rot rb1 =g {peE 10E) =, (3.26)

where a,b = 0,1,2,3. The untwisted R-R ground states are defined in terms of these

operators as
_ =0 0 i = 0
(L + il ) [p,n)igh =0, (D7 + L") |p,n) g = 0. (3.27)

The ground states may also be chosen so that all the signs in I'" in this equation are
reversed. However, the present choice is the one that is in harmony with the corresponding
equations for the non-zero modes, (B.14)-(B.15). The R-R ground state is chosen to be

0 . ~0,— T
[Cospom)n =exp | — in(TOFTO 4 ST | |- = =) @ |+~ —)p
e (3.28)
— exp [—in(FO”PO*Jr ) P“P“)] ++++), ® =+ ++) g,

7

,10,



where |+, £, £, +); p are as defined in § B.1 and
ToF |+, 4, 4,4), =T%F |[+,+,+ 4), =0. (3.29)

Let us now discuss the GSO and the orientifold projections on the ground state and verify
that it is invariant under these operations.

3.0.3 GSO Projection

In the R-R sector the GSO operator (R.6]) acts as the chirality operator on the zero modes,
namely,

(-Df=Tu= [ vaw' (3.30)

0,3,...,9

in the left moving sector and

(-0 =Tu= [] v2d! (3.31)

0,3,...,9

in the right-moving sector. Their respective actions on the ground states, therefore, are

given as

(=)E [Coi )k = = 1Cosp, =) o (=1 | Cospym) S = [Coip—n)i0h . (3.32)

The form of the GSO operator on the non-zero modes becomes

(_1)F (_1)Zr6Z\{O} =, wiﬂ/’ﬁJrZ?:N‘I’ir‘I’%L@—r@r)]’ 533
(—D)F (_1)ZTEZ\{O} [, O (B, Wi T, 0, ' '

They leave the ground states unaltered. Moreover, since the coherent state in equa-

tion (B.14) contains an odd number of fermion oscillators from the non-zero mode sector,

(=1 and (—1)f act only by flipping the sign of 7 in the exponential. The total GSO
projection operator in the R-R sector, obtained by combining the two parts, namely,

(-1)F = (-DF D, (-D)F = (DI (-DF, (3.34)
act on the coherent states as,
(=D [Coip,m)rr = = |1 Coips—mrr > (=) |Coip,n)rr = 1Coip, —n)gg - (3:35)

Therefore, the GSO-invariant state in the R-R sector is given by,

RR
‘Cﬁ;p>RR \/—N\/— \}—

where ./\/’gR is the normalization of the R-R part of the crosscap.

|:‘067p7 >RR+ ’CG;p7_>RR:|7 (336)
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3.0.4 Orientifolding

The action of the orientifold group on the R-R ground states are given in (R.J). The
corresponding action on the I'-matrices is given by

[0+, Ok [0k, _pOE  pik, | [OF PRk, i (3.37)
From equation (B.2§) we see that the coherent state \Ce;p,mg)l)a is invariant under the

orientifolding by G. Finally, using the same measure used in equation () for constructing
position the eigenstate for NS-NS crosscap, we obtain the R-R part of the crosscap state

3
|Co)pp = / T[] dr'dps@ + o5 6z — ™) | Coiphu,. (3:38)
=1

Finally, collecting the contributions from both the NS-NS and the R-R sectors in equation
. (B:21) and (B-39) respectively, the crosscap state invariant under GSO projection and
orientifolding is

1Co) = =5 [ 1Codwss +1Codn | (3.39)

This crosscap represents a canonical O6-plane i.e. which carries negative D6-brane charge.
The sign is fixed by choosing NF! in (B-38) properly.

4. D-brane boundary state

Let us now proceed to discuss the construction of boundary states of the DO-branes and
the D-instanton in the present model. The boundary states for the DO-branes are obtained,
again, by solving an appropriate set of boundary conditions obtained in the world-sheet
theory. The boundary state for the D-instanton is obtained from these by analytic contin-
uation to an Euclidean time.

4.1 DO-brane

The boundary states of DO-branes has been worked out in ref. [ff] in great detail. We briefly
review their construction here. Let us begin with the boundary state for the D0-branes.
The boundary conditions satisfied by the DO-branes are

9:X%0)|B0) =0, 9,X%(s)|B0)=0, 9,X™(c)|B0) =0,

(4.1)
@° + ) (o) |BO) =0, (¥F —ind®)(0)|BO) =0, (¥™ —ind™)(o)|BO) =0,
(4.2

)

for the space-time components of the bosonic and fermionic fields in the external four
dimensions and

9, Zc)| BOY =0, 8,Zi (1 =0,0)|B0)=0, (4.3)
(U8 —inl?) (o) | BO) =0, (Wi —inWi(o))|B0) =0, (4.4)
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for the internal components, where m = 0,3, ¢ = 1,2,3 and we have suppressed the
temporal coordinate 7 of the world-sheet from the notation. All the equations are at
7 = 0. These equations are valid both for the NS-NS and the R-R sector. As in the last
section it is convenient to solve these equations in terms of the oscillators and momenta.
The coherent states in the NS-NS and the R-R sectors are similar, except for the grading
of the fermionic oscillators in the internal directions. In the NS-NS sector the index r of
these oscillators, W', are half-integral, taking values in Z -+ 1/2, while in the R-R sector
they are integral, taking values in Z. However, formulas in the untwisted and the twisted

sectors are rather different. So let us consider them in turn.

Untwisted sector

In terms of oscillators the equations for the untwisted NS-NS and R-R sectors become

=0, (a™—am)|B0)=0,  (4.6)

(af +a%))|BO) =0, (of —a%)|BO

W2 +iny?,) | BO) =0, (yF —inyE,)|BO

in the external four-dimensional part and

. (af —a’,)|BO) =0, (438)
(U8 —in®® )| BO) =0, (¥i—in¥i, )|B0)=0. (4.9)

for the six-dimensional internal ones. From the equations ({.5)-([.9) we observe that the
momenta along all the Dirichlet directions, including the light-cone directions, P3, P*
and the momenta of the internal directions p’, p* as well as the spin structure 7 are the
quantum numbers labelling the boundary states of the DO-brane and hence | By) stands
for | P*, P3,p> NSNS ;1] in the untwisted sector.

A coherent state for the DO-brane is obtained by solving (f.5)-(f£.9). The coherent
states in the untwisted NS-NS and R-R sectors are built from the respective ground states.
The ground state in the NS-NS sector is unique, carrying momenta P*, P3, p’ and 7' and
is independent of the spin structure. Thus, the contribution from the untwisted NS-NS
sector to the coherent state is

‘Bov Pia P37p777>NSNS,U = exp (Z 7(—04910691 + Oé?ilOé?il) + Z j(o&lo&l + al—lalfl)
lEZ i=1,2,3

leZ
+in Z (—T,ZJQMZQT + T,Z)iﬂ;ir) +1n Z (\Iﬂ_r{fﬂ_r + \I’Z_T(IV’Z_T)>
reZ+3 rie:zlf{?g

‘BO? P*, P37p>1(\(12NS,U ’

where ‘BO; P*, Pg’p>1(\(l)%NS,U denotes the ground state in the untwisted NS-NS sector. The

R-R ground states are degenerate, carrying momenta only along the extrenal light-cone
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directions and X3, contributing

| BO; P, P2 )y o = exp (Z 7(calal +atiat)+ Y Slehal +al,aly)
lEZ i=1,2,3
ez

+in Y (=240 + 92 0% +in Y (L0 4wl W T)) | BO; Pi,P3,n>;1)%7U,
reZ. i=1,2,3
reZ

(4.10)

to the coherent state, where ‘ BO; P, P3.n >$F){ y denotes the ground state in the untwisted
R-R sector, given by [f],

BO; Pi,P3,p,n>§1)%U = exp [in(—FO”LFOHF + Zfi*fi’*)} |———) . ®|—+++)i-
)

(4.11)
We now go on to consider the GSO projection and the orientifolding on the boundary
states as we have done for the crosscap state in the preceding section.

4.1.1 GSO projection

Using the GSO projection operator from (P.§), we obtain the GSO-invariant combination
of the boundary state in the untwisted NS-NS sector as,

| DO; P, P2 p)xss o = (4.12)
1 Né\ISNS’U 1 + p3 + p3
ﬁ /2 'E“BO?P , P ’p’+>NSNS,U_‘BO;P , P 7p’_>NSNS,U]’
while the GSO-invariant state in the untwisted R-R sector is found to be
|D0.P:I: P3> _L/\ﬂi |BO‘P:|: P3 +> + |B0’Pi P3 _>
B RRU = 37 /5 /2 BT/ RRU S5 T RRU |
(4.13)

Finally, the position eigenstates are obtained by integrating on the available momenta.
Assuming these fractional branes to be localized at the origin of the internal space which
is also the location of orbifold singularity, the postion eigenstates in the NS-NS and the
R-R sectors are, respectively,

3
_ . N
| DO0)nsnsu = / dpt dpP~ dPP T dp'dp’ | DO; P*, P*,p)yans (4.14)
1=1
- 3 + p3
]DO>RR’U:/dP+ dP~ dP*|DO; P*,P°)pp (4.15)

We have thus obtained the contributions to the boundary state of the D0-brane from the
untwisted NS-NS and R-R sectors. The untwisted part of the DO-brane boundary state in

the orbifold theory is
1
1D0)50, = 5|1 D0)nsns.u + 1D0)rnu (4.16)

Having obtained the GSO-invariant untwisted state for the DO-brane in the orbifold theory,
let us now consider orientifolding them.
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4.1.2 Orientifolding

From the action given in (R.6) for the states, we find that the NS-NS part remains invariant
under the orientifolding. In the R-R sector, the exponential factor remains unaltered, while
the ground state ([.13) flips sign. Hence the orientifold invariant untwisted part is obtained
by taking a linear sum of brane and anti-brane boundary states. So the untwisted part of
the DO-brane boundary state in the orientifold theory looks like

U
| DO >orientifold = \/5 | D0>NSNS,U (417)
Hence it looks a like a non-BPS fractional DO-brane.

Twisted sectors

Let us now consider the contributions from the twisted sectors. By substituting the expan-
sions ([A.4) and (A.13) in (E1)) — (E4) we obtain the boundary conditions to be satisfied
by the k-th twisted sector in terms of the oscillators as,

P°|BO;k) =0 (4.18)
(af —a%)|BO;k) =0, (af +a%)|B0;k) =0, (of —a",)|B0k)=0, (4.19)
(O‘;Jrkvi - 531%1%) | BO; k) =0, (alifkvi - Otl+kvi) | BO; k) =0, (4.20)

for the bosonic oscillators and

(F —ind®,) | BO k) =0, (¢ +iny®,) | BO k) =0, (¢f —ing?,)| BO;k) =0,
- (421)
(\II:"Jrk:vi - Z‘n\I}ifrfk:vi) ’BO, k> = 07 (az’fkvi - in\IlifrJrkvi) ‘BO, k> = 07 (4 )

for the fermionic oscillators, where | BO; k) represents the boundary state in the k-th twisted
sector. In the R-R sector r is an integer in equations ([.21]) and ([£23), while it is half-
integral in the NS-NS sector.

A coherent state for | BO; k) is constructed from the twisted sector ground states. The

twisted NS-NS and R-R ground states are the same as the ones used in constructing the
crosscap state, with degenerate twisted R-R ground states. The contribution of the twisted
sector | BO; k) to the boundary state is

‘BO;Pi’Pg’n;k>NSNS,T =

Z %(_agl&gl +a%,a%) +in Z (=02, 0%, +v2,42,)

exp
€7 reZ+1/2
+Z< O‘lk_lk"i‘il ailk&ilk>
+hv; ¥ —l+kv; =Ry T == RY;
1=1,2,3 l+kvl
leZ
[ BO; P*, P%; 1)\
+”7 7r+l<:v 7r+kv +VYo, kv; ¥ —r—kv; ‘ ’ ’ ’ >NSNS,T7
i=1,2,3
rEZ+1/2

(4.23)
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from the NS-NS sector and

1 - ~ . o ~
BO; P, P3 n; k >RR’T = exp [Z 7(—04910404 +a3,8%)) +in Z(—wo_rwo_r + 3 a3,
leZ reZ

T T
+ Z <l_7kviaz—l+mal—z+m + mal—l—mal—z—mi)

i=1,2,3
leZ
i S (VT TP + p3 ) O
+ 1 (\IﬂfrJrkvi\IllrJrkvi + \I}Zfrfkviqﬂfrfkvi) ‘ BO; P ’ P > 15 k >RR,T )
i=1,2,3
rEZ

(4.24)

from the R-R sector. The ground states are

+ p3. ~
| BO; P, PPk = 1) o o Ha;a;

0,45 1,1 il, oo+t 42 41
3773 377373 /p

(4.25)

1,1 ,1 1 1 1 1 1
+ 3.
| BO; P*, P% k= +1) RRT ||a,€ia,€i iG,ig,ig,>L®‘¢§,i6,ig,ig,>R

(4.26)
4.1.3 GSO projection
The GSO-invariant states are given by
{DO Pi P3; k>NSNST = (4.27)

RR,T

N
1 Ns ll;f STT 1 [

NI

where the upper and lower signs are for NS-NS and R-R sectors respectively.
The contribution to the boundary state of the DO-brane from the k-th twisted sector
is given by the position eigenstate obtained by integrating over the transverse momenta as,

|BO p* P3+k>NSNST:F‘BO Pi P3 k>NSNS,T:|7

RR,T RR,T

| DO; k) nsnsr = / dPT dP~ dP? | DO; P*, P3 k) xsnsr (4.28)
RR,T RR,T
So the twisted part of the DO-brane in the orbifold theory is
| D0)o, = \/— Z [ Te5 | DO; k>NSNST+61 | DO; k>RRT] (4.29)

k==+1

where ¥ = £1 for i = 1,2 and k = +1, €} denotes the twisted R-R charges of these branes
under twisted R-R field from k-th sector. Finally, 61 62 denote the phase of the untwisted
NS-NS sectors [57, B1].
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4.1.4 Orientifolding

The orientifolding operation keeps the part inside the exponential in equation . ({.23)
and ([£24) invariant. Moreover, the twisted NS-NS ground state turns out to be invariant
in both k = +1 sectors. However, as in the untwisted sector, the twisted R-R sector ground
states picks up a minus sign. So the orientifold invariant twisted part of the DO-brane is
the sum of brane and anti-bane system.

|D0>orlent1fold \/_ Z € 62 |D0 k NSNST (430)
k=%1

Therefore, the actual boundary state of the DO-brane surviving orientifold projection do

not have any R-R part. It is given by the sum of ([.17) and (£.30),

’ Do >orientifold ‘ DO >orlent1fold + ‘ Do >or1ent1fold

= V2 || DO0)ygnsu + Z eves | DO; k) xsns. T
h=t1

(4.31)

This is consistent with the fact that there is no one-form R-R field in the closed string
spectrum.

4.2 D-instanton

In Type-ITA theory there is no BPS D-instanton state. We can always write down the
boundary state of a non-BPS D-instanton, which consists only of the NS-NS part. It can
be obtained by flipping the sign in front of the timelike oscillators in the expression of DO
boundary state. The untwisted part is

|D(—1)ap,77>NSNs,U = &Xp Z 7 o)y +in Z )Y, ¢M

leZ
o3 TGZ+2
=0, p=0,3

o~ =

+ Y @ ralah) s Y (WL W) B, P) s
eil rezs}

(4.32)

Here, the metric along u directions is Euclidean, *¥, u,v = 0,3. Generically, in the
orbifold theory such a D-instanton will be sourced by twisted sector fields, so it also has a
twisted NS-NS part

| D(=1), P, PH.n ) ygng = ©XP [Z > %a’il&‘il—l—in S et

e n=0,3 reZ+1/2 p=0,3
- 1 : »
+ L A . O
ZZ;S < l+kvl l+kvl l+k’U2 l—kv; I—kv; (433)
leZ
. i T i + pp\(0)
+u Z <\II_7"+I<?U1' —r+kv; +\II—7" kv; _T_kai) |P P >NSNST’
i=1,2,3
r€Z+1/2
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The GSO-invariant boundary state for the D(—1)-brane is

|D(-1)) = % [‘D(_1)>NSNS,U + Z eves ‘D(_1)>NSNS,T] ) (4.34)
pa—

where ef = +£1 for all kK — %1 and i = 1,2, as before and

1 NY i 1
| D(=1) )nsns,u = %721 z\go ar E{|D(_1);P’+>NSNS —|D(-1); P, _>NSNS]
(4.35)
and
1 NT _ 1

| D(—1) )nsns,T = 32 dP*dP~dP°dP® %[|D(—1),Pi,Pﬂ;+>NSNS’T

- |D(_1)’Pi’Pu;_>NSNS,T]
(4.36)

Here N_; is the normalization factor to be determined in a self-consistent way laterS.
Obviously, this is not a stable D-instanton as it contains tachyon in its spectrum.

We shall be interested in a D-instanton whose boundary state does not have a coupling
to twisted NS-NS state [, pJ]. This can be obtained as a linear combination of two
D-instanton boundary states given in equation ({.34), with opposite coupling to twisted
NS-NS fields for each k.

e~

| D(=1)) = [D(=1) )nsns,u (4.37)
5. One loop open string amplitudes

Let us now proceed to compute the annulus and Mébius amplitudes. The DO-brane bound-
ary state, as given in equation ([.31]), is obviously non-BPS and hence contains tachyon
in its spectrum. Moreover, since this boundary state is a sum of D0-DO0-pair, this tachyon
is a complex field. Thequestion is whether the orientifold can get rid of it and make it
stable non-BPS DO0-brane. We don’t expect that the orientifold projection can get rid of
two real tachyons, otherwise it would be a novel feature of having a theory with both BPS
DO-brane(bulk or non-fractional) and stable non-BPS fractional DO-branes. Unfortunately,
we could not prove it by a direct computation in open string language. However, boundary
state analysis of this section clearly indicates that the tachyon is not projected out in the
orientifold theory.

The absence of an R-R part in the boundary state of the DO-branes simplifies the
considerations as it now suffices to consider the NS-NS amplitudes only. Furthermore,
the crosscap state does not have a twisted piece. Hence, for twisted sectors the Mobius
amplitude vanishes.

6Since Type ITA D-instanton can be obtained from a D-instanton-anti-D-instanton pair in Type IIB and
modding it out by (—1)"Z, we know that N_; is v/2-times bigger than the BPS D-instanton. We shall get
the same fact by demanding that it becomes stable in the orientifold theory.
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For D-instanton in (.37), however, the open string amplitudes, annulus plus Mobius,
turns out to be free of tachyons.
Throughout this and following sections, ¢ and ¢ will denote the tree (closed) and open

(loop) channel Euclidean time respectively. Similarly, ¢ = ¢~2™ and ¢ = =™ will denote
the tree (closed) and open (loop) channel modular parameters. The parameters ¢ and [ for

various geometries are related as follows [pd]

1/2¢ for Annulus,
t=1< 1/8¢ for Mobius, (5.1)
1/4¢ for Klein bottle.

5.1 DO-brane

We first compute the annulus and the M6bius amplitudes associated with the DO-brane. As
the results are different for untwisted and twisted sectors we discuss them separately. The
full DO-brane open string amplitudes is a sum of annulus and Md&bius in both untwisted
and twisted sectors.

Untwisted sector

5.1.1 Annulus amplitude
As the DO-brane boundary states occur as in ([17) and (f.13) we need the following

amplitudes

o0 o0
/dt Nsns,u (D03 + e | DO + )y, u = /dt Nsns,U (D0; — | e | DO0; — )ysng v
0 0
o0
zl.l.w/ﬂf?@g
3 2 2 J 203 f1(q)®

e} [e o]

/dt Nsns,U (DO; + | e~ e | DO; — NSNS, U = /dt Nsns,U ( DO; —| e | Do; + ) NSNS, U
0

[e=]

1;4%%““?7%&@8
32 2 203 f1(q)*

0
(5.2)

Using (B.9) we write the untwisted annulus amplitude of DO-brane in the orientifold

[e.e]

Agi%ntif(’ld - /dt orientifold <D0 | e e |D0>orientifold
0 . (5.3)
:1‘344MFMMV/_£<h@ﬁ_h@F>
32 2 / 203 \f1(@)®  fi(9)®
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Since the numerical factors appearing in the above formulas are of different origins, we
have shown them explicitly, for example, the first factor of % is to reproduce the orbifold
projector correctly, the second % factor is due to the GSO and the third one is for the
orientifolding. Comparing this expression with the orbifold case as given in [JJ] we can see
that orientifolding takes away the contribution from R-R sector and thus it has a tachyonic
contribution which will otherwise be absent.

5.1.2 Mobius amplitude

The Mobius amplitude is obtained from two amplitudes, namely, the amplitude between

the crosscap and the DO-brane states with both having positive spin-structure,

e}

/dt nsns (Cei + | QR(—1)FFe e | DO; + ) NSNS, U

0
00

= /dt nsxs (Ce; — | QR(=1) " e | DO; — ) ygns v

=]

[e.e]

1 1 NCNSNS ,NONSNS,U ) d¢ fg(q2)4
3 2 2 ' ¢ h(@r
205 f1(¢?)

0
(5.4)

and the amplitude in which the crosscap and the DO-brane have opposite spin-structures,

/dt Nsns (Co; 4+ QR(=1) e | DO; — )ygns v
0
= nsns (Ce; — | QR(—1)Fre~ e | Do; +)nsnsu (55)

e}

NSNS AT / e fy(a?)!
2 203 fi(g?)*

DN | =

1
3
0

Since the DO-brane in the orientifold does not have an R-R part, the total untwisted DO-
brane Mobius amplitude

[e.e]

Moo= /dt nsns (Cg | e e | DO )ngns.u =
0

W =
N | —

Njw

2 2 24 fi(g?)t
(5.6)

vanishes identically. Therefore, the tachyonic degree of freedom survives and makes the

N, - N x 214 214
0,20/ dt [ﬁ)gi]] )4_f3(Q)]

DO-brane unstable in the untwisted sector.

Twisted sector

Since there is no contribution to the Mdbius amplitude from the twisted sectors, as the
order of the orbifolding group is odd in the present case, the complete amplitude is given
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by the annulus. Moreover, the entire contribution comes from the twisted NS-NS sector.

Using the expressions

/dt Nsns,T (DO; +, k e~ | DO; +, k)nsns.T
0
= /dt nsns,T (D0; —, k| e tHe | DO; —, k) nsns. T
0
11 4 (NSNSTy T g E 93 (kvit]if)
—-.-.2VY% ) 9=(0lif sin(mky;) o)
33 /2€% 3(0|Z ) ]1 5111(71' V)ﬁl(kyzaw)
0 =
/dt Nsns,T (D0; +, ke~ | DO; —, k) NsNs,T
0
= /dt Nsns,T (DO0; —, k| e tHe | DO; +, k) nsns. T
0
11 M/dm () ] sin(rkwy 22022050
3 2 9%’ - V1 (kvil)il)”
0 i=
(5.7)

where k£ = £1 correspond to the twisted sectors, we get the annulus amplitude

o0

/dt Nsns,T (DO Ts k| e | DO; T k) NsNs,T
0

11 4. NSNST
= .. N / de Z V3(0]il) H sin( 7T/<:I/, kuﬂ\zﬁ) (5.8)
905 e 01 (kvil]if)

—92(0]i) H sin(rkv;)

i=1

192(]4%5‘26)
191(]4%5‘26)

from the twisted sector. Expanding in ¢ we find that there are tachyonic contribution

which makes this boundary state unstable.

5.2 D-instanton

5.2.1 Annulus amplitude

As in DO-brane case, using standard procedure, we can work out the annulus amplitude
for D-instanton, using ({.3§) and ([£37) as the boundary state.

° o o0 NNSNS,UQ f8(q)_f8(q)
A= [ @D et b)) = 5 [ 5 FE ) & o (59

0 0
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5.2.2 Mobius amplitude

In order to calculate the Mobius amplitude associated with the D-instanton we need the

following expressions,

T . i [l i) f ()
dt Ce; x| e tHe | D(—1), + :211/4/ AR D A ,
O/ NSNS( 6 | | ( ) >NSNS,U J (25)3/2 f22(lq)fi’)(q2)
b ) i [ A B @)
dt nsns (Ce; £ e tHe D(-1),F :211/4/76 m/43.7-
O/ NSN ( 6 | | ( ) >NSNS,U J (25)3/2 f%(m)ff’(q%
(5.10)

The total M6bius amplitude in this case is

o NSNS p/NSNS,U
1 [de 1NN 25-22,1/4

3 ) 20 22 2v2 V2

0
L(ff(@f?f’
V2 \f3(iq) f}
EN G
V226 (@) f36) (@)

5.3 Analysis of D-instanton partition function for the tachyon

Me—(-1) + Mg_(1) =

J30iQ) f3(3%) 5.11
@2)) 10

@)
@) fEQ)f

) f%(@f??(a%)]

Since the D(—1)-brane is a non-BPS object, the open string spectra on it has no GSO

projection, i.e.

. 1 1 [/d
-’4(71)7(71) + ./\/(6,(,1) + ./\/(67(71) = 35 / 2 <TrNS {(1 + QR(—l)FL)qHO}

- [TrR(l + QR(—l)FL)qHO} )
(5.12)

We can write this expression as a sum of two terms with opposite GSO projectors [(g].
Thus

. 11 [dl
Ay F M-y T Mgy =3 5 /Z(ZNS#Q) + Zns-(q) + Zr(q)),  (5.13)

where
_1\FL CO\F
Zns+(q) = Trns [(1 + QR2( 1) )(1 + (2 1)

Since the tachyon is odd under (—1)¥, it lives in the sector with partition function Zns_(q).

)gte|. (5.14)

Similarly, we can know about the massless scalars, if we analyze Zns+(q), as the latter are
(—=1)F even. Let us now assume that”

NSNS — o, (5.15)

"The factor i in the normalization NY5N® should not be conjugated when considering the conjugate
crosscap state. This is a BPZ conjugation of CFT, not the standard quantum mechanical hermitian conju-
gation. See @] for a discussion on this issue.
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From the annulus and Mdbius amplitudes, given in equation (5.9) and (B.11), we now write
down the expression for Zngi(q) and Zgr(q).

_ VIO () + @] e NI TR 36 | f2G9)F3 (¢
Ins-la) = 5 S e ) )
nisi(4) = WIS [£8(g) — £(q)] +Z.1/4,zNleNS’Ui[fZ(iq)fg(qQ) B §(iq)f§(q2)]

* 2 217(0) 22 B Bigfied)]’

(5.17)
NSNS,U\2

2 i)

The normalization of the crosscap is known from the compact cousin of the model under
consideration [BY],
x =22, (5.19)

If we choose
NEPNSU — 95, (5.20)

making an expansion of these partition functions for small ¢, we find that the tachyon gets
projected out in Zns—(q)
Zns—(q) ~ 6g + O(¢?). (5.21)

Similarly, we find
Zxs+(q) ~ 10+ O(q). (5.22)

This reflects the fact that on this D-instanton world-volume we have ten massless modes
corresponding to the freedom of translating it along its ten transverse dimensions.

6. K-theory & orientifold

Having thus obtained the crosscap state and the D-brane boundary states let us now
discuss the K-theory associated with the orientifold model under consideration. The K-
groups yield the different charges of the branes via the Chern characters. DO-branes on
orbifolds can be identified as objects of the derived category of an Abelian category. The
latter can be described either as the category of coherent sheaves on P2 or as the category
of representations of the quiver associated with P2. These two definitions of the category
are relevant in two different regimes of the Kihler moduli space of the P2. The coherent
sheaves portray the DO-branes on P? in the large volume region, while the representations
of the quiver limn them in the orbifold limit, wherein the volume of the P? shrinks [26], [J].
In either description, the different branes are given by the Grothendieck group Ky of
the Abelian category [6(, p§]. For an Abelian category A, the equivalence classes of the
objects of A modulo the relation [X'] = [X] + [X”], when the objects X, X', X" form a
short exact sequence, ( X X' X 0, form an Abelian group, called
the Grothendieck group, denoted Ky, of A. Here [X] denotes the class of an object in A.
The equivalence relation embodies the identification of anti-branes as objects shifted by a

unit grade in a complex relative to the objects corresponding to the branes.
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After orientifolding, however, the Grothendieck group falls inadequate to describe the
charges of the objects of the Abelian category, A. The charges now are given by the
Whitehead group of A, denoted K. The classes of objects in the K; group carry the
information of certain automorphisms of the objects in addition to the objects themselves.
Before presenting the definition of the K; group, let us note the following from our earlier
discussions. We found that the boundary states of the DO-branes are invariant under
the orientifolding operation. Further, acting twice, the orientifolding yields the original
state back. Thus, given that each boundary state corresponds to an object in the Abelian
category A, it is natural to assume the existence of an automorphism, § of the objects of
A, such that f2 = 1. Since an Abelian category is idempotent complete and hence so is its
bounded derived category [0], this is a consistent assumption. In order to interpret this
automorphism physically, let us note that the CFT analysis points at the stable object on
the orientifold backgrounds being a D-instanton which are to be obtained through tachyon
condensation of the D0-brane. The latter was found to have tachyonic modes. This bears a
close resemblance to the orientifold of the Type-IIB theory, where the orientifold action is a
lone (—1)fr B3, b0, 1. In this case a D8-brane appears through tachyon condensation of
a D9-brane. From this point of view the D8-brane has been interpreted as a pair consisting
of a vector bundle V and an automorphism « : V' — V, where V and « is taken to
corresponds to the D9-brane and the tachyon, respectively. In the spirit of this analogy, in
the Type-ITIA orientifold we can identify the tachyons associated with a DO-brane described
by an object X as an automorphism f: X — X and D-instantons as a pair (X, ). Thus,
the classes of D-branes relevant for our discussion will carry an extra label designating
the automorphism f. This leads us to consider the Whitehead group K; of the Abelian
category [69, p0]. The Whitehead group K of the category A is defined to be an Abelian
group generated by equivalence classes [ X, ], corresponding to the objects X of A, a being
an automorphism of X. The equivalence relations are,

O Additive: For any commutative diagram

0 X' X X" 0
o/l al Oé”l (61)
0 X' X X" 0

in A, where the horizontal sequences are exact and the vertical morphisms are auto-

morphisms, we impose an equivalence relation,

(X, a] = [ X', o] + [ X", "] (6.2)

O Multiplicative: If o : X — X and §: X — X are automorphisms in of objects in

A, then we impose

(X, af] = [X,a] + [X, 3]. (6.3)

Now, for the case at hand, the orientifolding operation lifts up to an automorphism f on A,
as alluded to above. Then, from equation (f.3) we obtain, 2[X, f] = [X, 1], which in turn
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yields
[X,f] =0 mod 2,

since, again by equation (B.3)), we have [X, 1] = 0, which can be seen by setting a = 3 = 1.
We conclude, therefore, that the Whitehead group K; of the category of objects in the
orientifold background is isomorphic to Zs. The Zso charge corresponding to K1 ~ Zo is
topological and leads to the existence of a single Zs-charged D-instanton, which we found
through the analysis of the boundary states above.

7. Discussions and conclusion

To conclude, we have discussed the boundary states in the spectrum of the Type-ITA
orientifold C3/Zs3 - Q- R - (—1)2. We find that there is no vector multiplet in the closed
string massless spectrum. Further, the DO-branes are inflicted with tachyon and become
unstable. However, we found the existence of a D-instanton which is stable as the associated
tachyons are projected out due to orientifolding.

In spite of the presence of a massless modulus in the closed string spectrum of the
twisted NS-NS sector, in this article we refrain from presenting a geometric interpretation
of the objects in the aforementioned Abelian category, as the contribution of instantons
may develop a superpotential for this modulus [67] rendering the movement over the Kihler
moduli space obstructed.

We interpret the D-instanton alluded to above as being obtained through tachyon
condensation of the unstable DO-branes. We use the analogy with the mechanism by which
D8-branes come into being through tachyon condensation of D9-branes. The associated
K-group is given by Whitehead group of the category of DO-branes generated by objects
along with an automorphism of the object associated with the tachyon. Contrary to the
cases studied earlier in the literature, we assume a lift of the orientifolding on the objects
of the Abelian category of D-branes, rather than looking for a geometric realization the
target space. One advantage of this description of the K-group is that they are readily
generalizable to more exotic orbifolds and, perhaps, to the Calabi-Yau spaces.

However, let us note that the other way to look at the K-group is [F§ by considering
the fact that the operation - R - (—1) corresponds to interchanging (E, F) with (F, E)
where E and F are vector bundles and E represents the complex conjugate of E. The
K-group is given by K R. (X) [§]. This has not been discussed much in the literature. It
will be interesting to compute this and compare with the results here.
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A. Notations & conventions

Here we explain the notations and conventions used in this article and present an inventory
of the formulas used. We use light-cone gauge throughout our discussion and double wick-
rotated the coordinates, as is customary. Thus, X — X% and X' — iX'. Similarly
0 — )0 and ¢! — 43p!. The light-cone coordinates are taken to be X* = X'+ X2 and
Yt = ! £ 2. We impose Dirichlet boundary conditions along the light-cone directions.
The external directions will be X? and X3; both of which are taken to be euclidean, i.e.
the external metric is §*¥. The coordinates X?, ..., X? will be used to denote the internal
C? directions. We use indices M, N = 0,...,9 for the ten-dimensional spacetime directions
and M = 0,3,...,9 for indices excluding the light-cone directions, u,v = 0,3 for external
indices, m,n = 4,...,9 for internal real indices and i,i = 1,2,3 for complexified internal
indices. The worldsheet coordinates will be denoted by ¢ and 7 and we use a Euclidean
metric on the worldsheet.

A.1 Mode Expansion
A.1.1 Bosonic oscillators

Light cone directions

1 Aal : i1
X_(O-, 7—) = xa +—P 7+ 1 Z —a;e_ll(7+0') + E _a;e—ll(T—a),
2 2 l 9 1
I€Z l€Z (A.1)
X*(o,7) =af + P'r,
the latter implying
af =ag =P* 60, ag +d; =P~ (A.2)
Untwisted sector
The mode expansion of the Bosonic fields are
M M M 7 1 v —illrio i 1 f —itiro
X (O-?T):'IO +2P T+§gz:7alel(+)+§§7alel( ), (A3)

For m=4,...,9, let

1 1

V2 V2

and similarly for right-movers, mutatis mutandis. Thus the mode expansions are given as

(X2+2 4 X243y = 7 (P2H2 4 P23y = pi i=1,2,3 (A.4)

A A A ; 1. . ; 1 .

Z'o,7) = 25+ 2p'1T + % Z iafe_’l(”") + % Z 7&%6_ZI(T_O),
lEZ leZ

_. g 1. 4 i 1= 4 (A.5)

Z'(o,7)=Zy+DP'T+ 3 Z 7556*1 (o) 4 5 Z joz}efZ (r—0)
lez ez
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Twisted sectors

The mode expansions in the twisted sectors, cooresponding to k = 1,2 are

Z l —zl(T+U) + = Z l'v“ _Zl(T 0)7

2z 2z
_t L — i1+ (T40) —i(l—kvy)(r—0)
T) = B} Z mawme Z I— az kv © v (A.6)
leEZ
i ot I —i(l—kvy)(r40) ; — ik (r—0)
Z'(o,7) = 5% T oo, ki€ Z T k: e :

A.1.2 Fermionic oscillators

Light-cone directions

Yo 7) =9 (o, 7) =0 = ¢f =45 =0, (A7)
2 T if 1 T
v (07) = 5 > Mo xM = g = v S ) M, (A8
M=0,3,...,9 M=03,.,9
~ 2 ~7F 7 ~ 1 AP ~AT
¢ (0-77—) = ﬁ Z ZZ)Ma*XM = ZZ)T = ﬁ Z Zarfswéwa (Ag)
M=03,....9 M=0,3,..9 S

where r,s € Z + 3(Z) for NS(R)-sector and 0% =7+ 0, 91 = $(9- £ 9,).

Untwisted sector

The mode expansions of the left- and right-moving fermions are

YpM Z¢M —ir(t+9) and M (o, 7) Z?/) emir(r=o), (A.10)

respectively, where r € Z, + %(Z) for NS(R)-sectors and m = 4,...,9. We define complex
fermionic fields,

i _ L 2142 - 12143 Ui — L 29+2 12143

where ¢ = 1,2,3 and similarly Ut and Ui for right-movers. The mode expansion for the
complexified fermions can be derived from the earlier expressions as

7_) — Z \I,ie—ir(’r-l—a)’ \I” 0_ ,7_ Z \I” —ir(T+0)
T

_ Z f:[}ie—ir(T—O)’ \Iﬂ O’ T Z \Iﬂ —ir(t—0o)
T

(A.12)
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Twisted sectors

The mode expansions of the fermions in the k = 1,2 twisted sectors are

,7_) _ Z¢¢167ir(T+o)’ wr o, 7_ Z 1,[)#67“1 T—0)

T) = Z\Iff#kvie*i(wrk”i)(ﬁw), \I” (o,7) Z Wi, g€ —i(r— kvl)(T‘L”) (A.13)

T

Oscillator algebra

We use the following commutators and anti-commutators for the oscillators
o7, ap] = (a7, ap] = drpr 6", {0} = {4} = 6500, (A.14)
for the external directions and

[Oéﬁkwa{/_kvj] = (14 kvi)oi11,067, {4k, ﬁi ko J = Orts0 5, (A.15)
(@ @ ) = (= R0)G1300,007, { T4, K7 oy} = 4007, (A.16)

for the internal directions.

A.2 Closed string hamiltonian

The closed string Hamiltonian in the untwisted sector is

HE = n(P?+p?) +2m| 3 (¥ ol + @) + 3 r(wh, o + 0 o)

pn=0,3 pn=0,3
nez >0
T R (A.17)
+ > @ aa) > (T4 U 0|+ 2ray,
Sen” e
where a,, = —1 in the NS-sector and a, = 0 in the R-R-sector. The fermionic mode-index

r € Z+ 3(Z) for NS(R)-sector and P and § are denote the external and internal momenta,
respectively. In the twisted sector, on the other hand, the closed string Hamiltonian as-

sumes the form

HE =P +2r[ (3 (¥ 0l + @, + Y r(uh, ol + 0¥ )

pn=0,3 pn=0,3
ne€zZ r>0
o (A —1 ~j =i °
+ Z o(an+kvia7ﬂ,7k}vi + anfk:viafnJrkvi)o (A18)
i=1,...,3
lneZ
o (Wi T T T
+ Z (T - kvi)o(\llr—f—kvilll—r—kvi + \Ilr— kv, —7"+kv ) + 2mar,
i=1,...,3
r>0

where ap is a constant arising from the normal ordering.
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A.3 The Y¥-functions and the f-functions
Let us list the ¥-functions with characteristics for convenience [B9],
o _ J2miafoa”/2—1/24 - n—1/2+a 2mi(B+v) Gn—1/2—a,—2mi(B+v)
0, [ﬁ} (V’T) e q n(7) H (1 +q ) (1 +4q ) ,

n=1

(A.19)
where § = €™ and one needs to choose «,3 € (—1/2,1/2]. Here 7(7) is the Dedekind
n-function.

7)=q"/* ﬁ(l —-q"). (A.20)
n=1

The Jacobi ¥-functions are given by the following ¥-functions with characteristics

79[ 0

o[o] i) = 0]y

1

] i) =), 9|3 (1) = oatoln),

N D=

(A.21)
] (v]r) = Da(o]).

We also use the following f-functions, related to the ¥-functions [5d,

@) = g/ H P £2(q) = V2g'/*2 H (1+g™" (A.22)

@ :~1/24 H 1+ gD, D=7 ~—1/24 H - h (A.23)

A.4 Modular S transformation

The behavior of the Dedekind’s n-function and the Jacobi J-functions under the modular
S transformation is given by,

1(-3) = in o), (A.21)

-

V1 (z‘ - 1) = —(—ir) 2™y, (v]), (A.25)
T T

1 .

s (-; - —> = (—ir) Y29, (v7), (A.26)
T T

U3 <—| - l) = (—ir) 2™ Tha(v]r), (A.27)
T T

Vs (—l - %) = (—ir) 2, (u)r). (A.28)

The modular S transformation for the f-functions for a real (used for annulus) and an
imaginary (used for Mobius) arguments are,

A.4.1 Real arguments

—Ts\ __ i —
fle™™) = Vs ! (A.29)
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A.4.2 Imaginary arguments

fi(ie™™) = ﬁfl(ie_w/%% falie™™) = fo(ie™ ™), (A.30)

faie™™) = ™S fa(ie™/%), falieT™) = e /B fy(ie /),
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